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We investigate the steady state properties arising from the open system dynamics described by a memoryless
(Markovian) quantum collision model, corresponding to a master equation in the ultra-strong coupling regime.
By carefully assessing the work cost of switching on and off the system-environment interaction, we show that
only a coupling Hamiltonian in the energy-preserving form drives the system to thermal equilibrium, while
any other interaction leads to non-equilibrium steady states that are supported by steady-state currents. These
currents provide a neat exemplification of the housekeeping work and heat. Furthermore, we characterize the
specific form of system-environment interaction that drives the system to a steady-state exhibiting coherence in
the energy eigenbasis, thus, giving rise to families of states that are non-passive.
I. INTRODUCTION
Quantum thermodynamics [1–4] aims at describing energy
exchanges, in the form of work and heat, between quantum
systems, and allows for the study of the quantum source of
irreversibility in non-equilibrium processes. The comprehen-
sion of such energetic exchanges is vital to extend our un-
derstanding of the laws of thermodynamics in the quantum
regime, while also paving the way to exploit the peculiarities
of quantum systems to realize efficient next generation quan-
tum technologies.
While exquisite experimental control of many types of
quantum systems and devices has been achieved to date, the
unavoidable interaction with their surroundings has detrimen-
tal effects on their genuinely quantum properties, notably co-
herence and quantum correlations. The framework of open
quantum systems allows us to account for these environmen-
tal effects through methods and models that provide a very
accurate description of the system’s evolution [5, 6]. A partic-
ularly useful approach is given by quantum collision models,
which constitute a very rich platform to simulate open quan-
tum systems in a simple and yet reliable way [7–12]. Owing
to their high flexibility, collision models have been utilized as
a tool to study various physical phenomena, such as memory
effects (or quantum non-Markovianity) [13–17], information
erasure [18, 19], quantum thermodynamic processes [20–24],
quantum synchronization [25], and the quantum-to-classical
transition [26, 27].
In this work, we exploit the versatility of collision mod-
els to fully characterize the steady-state thermodynamics for
arbitrary system-environment interactions in the fast-collision
time limit, complementing the study of equilibration and ther-
malization via collision models performed in Refs. [28–31].
In particular, we consider a system that interacts with an en-
vironment, consisting of an array of identical thermal con-
stituents, in a memoryless (Markovian) collision model set-
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ting. We show that, while the dynamics is fully described by
a Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master
equation, care must be taken in assessing the thermodynamics
of the interaction process. More specifically, work, heat, and
entropy production cannot generally be derived solely from
the system’s degrees of freedom, but one needs to account
for the interaction energy as well. Once this is satisfactorily
taken into account and fully exploited, one is led to an ele-
gant demonstration of the so-called housekeeping work and
heat that maintain non-equilibrium steady states (NESS). Our
results show that only an interaction in the energy-preserving
form, or “thermal operations”, lead to thermalization with the
environment, while all other forms of interaction drive the
system to a NESS. We then demonstrate that two classes of
NESS are achievable: (i) those that settle to an effective tem-
perature that is different from that of the environment. This
effective temperature range extends to negative values, lead-
ing to non-passive steady-states with population inversion; (ii)
those that exhibit steady-state coherences (SSC) in the energy
eigenbasis. The latter arise due to a certain type of system-
environment interaction that we fully characterize. For both
cases, we examine the associated heat, work, and entropy cur-
rents. Our work aims at providing a unified and systematic
study of the thermodynamics of a single system within the col-
lision model framework for arbitrary interactions, thus com-
plementing the current literature [32], which could in turn be
generalized to arbitrary coupling strengths [29]. Our work, in
particular, reveals the possibility of creating coherent steady-
states through system-ancilla interaction Hamiltonians, for
which a thorough analysis of the corresponding thermody-
namics, both in terms of cost (housekeeping heat and work)
and of resources (extractable work), is provided.
The paper is organized as follows. We start by introducing
memoryless collision models and recall the derivation of their
associated master equation in Sec. II. In Sec. III, we lay out the
preliminaries for characterizing the thermodynamics of open
systems and establish that, generally, the system is driven
into a NESS supported by non-zero work and heat currents
and examine the exemplary case of a qubit collision model.
blueSec. IV focusses on the case of steady states that support
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2coherences in the energy eigenbasis. There, we also charac-
terize the ergotropy, which is the maximum amount of work
one can extract from the NESS. Finally, we provide some con-
cluding remarks in Sec. V.
II. MEMORYLESS COLLISION MODELS
Let us consider a system S, with Hamiltonian HˆS , coupled
to an environment E consisting of a series of identical non-
interacting auxiliary units, each of them being described by
the Hamiltonian HˆA, so that HˆE=
∑
n Hˆ(n)A . The free evo-
lution of the system, generated by HˆS , is punctuated by se-
quential interactions with the environmental units, each cou-
pled to the system only once, for a time interval δt. This
picture defines the class of repeated-interaction or collision
models [8–12]. Although more general situations can be en-
visaged [32, 33], in what follows we will restrict to regular-in-
time system-environment couplings and assume that the time
intervals between subsequent collisions, during which the sys-
tem evolves unitarily, are negligible compared to δt. This
means that, after having interacted with the n-th environmen-
tal unit for a time interval δt, the system immediately moves
on to interact with the (n+ 1)-th unit.
A precise formulation of the above scheme is given by
taking the system-environment interaction to be externally
changed in time according to
HˆSE(t) =
∑
n
Θ(t− nδt)Θ ((n+ 1)δt− t) HˆSA, (1)
where Θ(·) denotes the Heaviside step function. A given col-
lision changes the system according to
ρS ((n+ 1)δt) = TrA
[
Uˆ(δt) (ρS (nδt)⊗ ρA) Uˆ†(δt)
]
,
(2)
where ρA is the state of the n-th auxiliary unit and where the
unitary operator is given by
Uˆ(δt) = e−iδt(HˆS+HˆA+HˆSA) . (3)
Here and throughout, we chose units such that ~= 1. As we
will discuss in more detail in Section III, this picture allows
us to neatly define and compute all the thermodynamic quan-
tities such as heat, work, and entropy production, for arbi-
trary system-environment interactions. It is known that we can
write down a master equation in GKSL form for the open sys-
tem’s evolution [32, 34]. As such, one might naively expect
that the corresponding thermodynamics would follow from
the traditional formalism, see, e.g., Ref. [35, 36], whereby all
of the relevant quantities can be determined from the system
state. However, as we discuss in the following, such a pic-
ture is only valid when the system-environment interaction is
energy-preserving (i.e., it is in the rotating wave form), which
is the only type of interaction where an equilibrium steady
state (ESS) is achieved. Any other form of interaction gives
rise to a NESS, which is maintained via steady state currents
due to the energy invested in switching on and off the interac-
tion in Eq. (1).
A. Continuous time limit
Let us consider the most general interaction Hamiltonian of
the form HˆSA = gVˆSA = g
∑
ij Sˆi ⊗ Aˆj , where g is a com-
mon rescaling constant denoting the intensity of the coupling
and where Sˆi(Aˆj) are generic system (auxiliary unit) opera-
tors. Note that, in general, VˆSA does not commute with HˆS .
Following [37–39], it is convenient to assume that the cou-
pling constant is proportional to the collision time according
to g∝(δt)−1/2. We also assume that HˆS=J
∑
i Sˆi, where the
system’s characteristic frequency, J , sets the intrinsic system
evolution timescale tS = J−1 over which the typical coher-
ent dynamics generated by HˆS occurs. Furthermore, without
any loss of generality [5, 34], we assume that all the odd mo-
ments of the interaction Hamiltonian, HˆSA, have zero aver-
age, i.e. TrA
[
Hˆ2m+1SA ρA
]
= 0. Finally, as stated above, we
take tS  δt, or, equivalently, Jδt  1; we are, thus, justi-
fied in neglecting the system’s evolution between subsequent
collisions. However, this does not mean that the system’s free
Hamiltonian is irrelevant, as it can play a crucial role during
the interaction time [34].
We next briefly recall the derivation provided in Refs. [32,
34], where it has been shown that a closed effective master
equation for the dynamics of the reduced system in the short
collision time regime, δt 1, is obtainable. Moving to the
interaction picture with respect to HˆA, and expanding the uni-
tary evolution operator Eq. (3) up to second order in δt, with
g = g0δt
−1/2, leads to
Uˆ(δt) ' 1SA − i
(
HˆS + g0√
δt
VˆSA
)
δt− g20
Vˆ 2SA
2δt
δt2, (4)
Substituting Eq. (4) into Eq. (2) leads to the approximate ex-
pression for the change of the system’s state due to a single
collision
δρS (nδt)
δt
≡ ρS ((n+ 1)δt)− ρS (nδt)
δt
= −i
[
HˆS , ρS (nδt)
]
+ g20TrA
[
VˆSA (ρS (nδt)⊗ ρA) Vˆ †SA
]
− g
2
0
2
TrA
[{
Vˆ †SAVˆSA, (ρS (nδt)⊗ ρA)
}]
= −i
[
HˆS , ρS (nδt)
]
+∑
jk
γjk
(
SˆjρS (nδt) Sˆ
†
k −
1
2
{
Sˆ†kSˆj ρS (nδt)
})
,
where the explicit (but generic) form for VˆSA introduced
above has been used to obtain the last line, while γjk =
g20TrA
[
Aˆ†kAˆj
]
is the damping rate determined by the en-
vironmental auto-correlation function [34]. Taking the con-
tinuous time limit limδt→0+,n→+∞
δρS(nδt)
δt ≡ dρS(t)dt , with
t = nδt being finite, finally allows us to obtain the master
equation
dρS(t)
dt
= −i
[
HˆS , ρS(t)
]
+ L(ρS(t)), (5)
3where the dynamical generator is in GKSL form
L(ρS(t)) ≡
∑
jk
γjk
(
SˆjρS(t)Sˆ
†
k −
1
2
{
Sˆ†kSˆj ρS(t)
})
.
(6)
Note that the convenient rescaling we have chosen for the
interaction HˆSA=gVˆSA with g ∝ (δt)−1/2 implies that the
GKSL master equation, Eq. (5), has been derived in the ultra-
strong coupling regime. In other words, since it is valid for
δt → 0+, it requires a diverging coupling strength to en-
sure a meaningful contribution from the system-environment
interaction. Such an approach in deriving a GKSL master
equation, alongside the familiar weak coupling Born-Markov-
secular approximation [5], is reminiscent of the singular cou-
pling limit [6], where the environmental correlation function
is δ-correlated in time.
The structure of Eq. (5) for the generator of the reduced
dynamics has several important consequences. It guarantees
that the dynamical map ρS(0) 7→ ρS(t) ≡ Λ(t, 0)[ρS(0)],
with Λ(t, 0) = etL, is completely positive and trace preserv-
ing, thus representing a physical operation. Furthermore, it
implies semigroup composition law Λ(t, s)Λ(s, 0) = Λ(t, 0).
This, in turn, characterizes the dynamics as Markovian, i.e.
memoryless, according to all of the criteria introduced in the
literature [40]. Additionally, the set of steady-states are con-
structed as the kernel of the dynamical generator, i.e. the set
of operators ρ∗ such that L(ρ∗) = 0. This set always consists
of at least one element, due to the trace-preserving nature of
the dynamical map. However, a Lindblad master equation can
have multiple steady-states (e.g. in the pure-dephasing dy-
namics). Whenever the steady-state ρ∗ is non-unique, then
some information about the initial state is preserved in the
infinite-time limit. We refer to Refs. [41, 42], and references
therein, for further details and properties of semigroup dy-
namical maps and Lindblad generators. The main focus of
the present work is, rather, to characterize the thermodynamic
properties of steady-states in the special case where this form
of Lindblad dynamics stems from a collision model.
There are manifestly two categories of steady-states: equi-
librium steady states (ESS) and non-equilibrium steady states
(NESS). From the thermodynamics point of view, a principle
difference between the two is the presence of non-zero av-
erage entropy production for NESS. This implies that these
states support non-zero currents for thermodynamic quanti-
ties. In order to establish a natural framework to discuss
the thermodynamics of the system, we consider each auxil-
iary unit that makes up the environment to start in a thermal
state ρA ≡ ρthA = Z−1A e−βHˆA with ZA = Tr
[
e−βHˆA
]
. Such
states are a subset of KMS states that can be shown to sat-
isfy the KMS condition put forward to define thermal equilib-
rium [3, 5]. In the present context of open quantum systems,
the KMS condition translates into the following relation on the
environmental decay function γjk(−ω) = e−βωγkj(ω). This
condition, when combined with a GKSL master equation de-
rived under the secular approximation, which decouples the
evolution of the populations from that of the coherences by
averaging over the fast oscillating terms in the master equa-
tion, leads to detailed balance. As a result, the stationary state
of the dynamics is the thermal state ρ∗ ≡ ρthS = Z−1S e−βHˆS
and thermal equilibration with the bath is achieved, leaving
the system in an ESS.
Crucially however, in our case the master equation Eq. (5)
in GKSL form was obtained without performing the sec-
ular approximation, owing to the rescaling of the system-
environment interaction Hamiltonian and the fast-collision
time limit δt → 0. Therefore, the equations of motion for
the populations and the coherences are not necessarily decou-
pled from each other, and this means that even if the state
of the environment satisfies the KMS condition, detailed bal-
ance is not fulfilled and, therefore, the stationary state is given
by some form of NESS. In the following Sections, we char-
acterize the types of achievable NESS, showing that we can
even reach stationary states with non-zero values of coher-
ences in the system’s energy eigenbasis. For the class of colli-
sion models considered here, an ESS is reached only when the
system-environment interaction is energy preserving, which is
the only choice of system-environment interaction for which
the aforementioned equations of motion do indeed decouple,
so that one ends up with ρ∗= ρthS , while all other interactions
lead to a NESS. As a consequence, we establish that one must
carefully account for the switching on and off of the interac-
tion term in order to accurately capture the thermodynamics
of the process. Such a work cost has also been shown to be
crucial in the consistency of the thermodynamic analysis of
coupled quantum systems [21].
III. THERMODYNAMICS OF OPEN QUANTUM
SYSTEMS
Consider the typical setting of a system with Hamiltonian
HˆS(t), interacting with an environment with Hamiltonian HˆE
via a coupling term HˆSE(t). The time-dependence in HˆS(t)
and HˆSE(t) is assumed to arise due to some external control
protocol, and therefore acts only at the level of the system,
which usually incorporates the controllable degrees of free-
dom. The overall dynamics is governed by the unitary opera-
tor
U(t) =
−→
T exp
[
−i
∫ t
0
dτHˆtot(t)
]
, (7)
with Hˆtot(t) = HˆS(t) + HˆE + HˆSE(t). Assume, further,
that system and environment are initially uncorrelated, i.e.
ρSE(0)=ρS(0) ⊗ ρE(0), and, in order to meaningfully study
the thermodynamic properties, that the environment is a ther-
mal bath with a generic inverse temperature β∈ [−∞,+∞],
ρE(0) = ρ
th
E ≡ Z−1E e−βHˆE with ZE = TrE
[
e−βHˆE
]
. (8)
The work performed by the external agent responsible for the
explicit time dependence of the Hamiltonian can be defined
as the change in the total energy of the composite system, in-
4duced by the action of the external protocol
W (t) = TrSE
[
Hˆtot(t)ρSE(t)
]
− TrSE
[
Hˆtot(0)ρSE(0)
]
=
∫ t
0
dτ
d
dτ
(
TrSE
[
Hˆtot(τ)ρSE(τ)
])
=
∫ t
0
dτTrSE
[
dHˆtot(τ)
dτ
ρSE(τ)
]
=
∫ t
0
dτTrSE
[(
dHˆS(τ)
dτ
+
dHSE(τ)
dτ
)
ρSE(τ)
]
(9)
where we have used
TrSE
[
Hˆtot(τ)dρSE(τ)
dτ
]
= 0 (10)
since dρSE(τ)dτ =−i
[
Hˆtot(τ), ρSE(τ)
]
and due to the assump-
tion that the Hamiltonian of the environment is time indepen-
dent. The heat can be analogously defined as the change in
the energy of the bath [43, 44],
Q(t) = TrE
[
HˆE(ρE(t)− ρE(0))
]
=
∫ t
0
dτTrE
[
HˆE dρE(τ)
dτ
]
. (11)
As the overall system is considered closed, its evolution is
unitary and the first law of thermodynamics is satisfied. From
Eqs. (9) and (11) the change in the internal energy is
∆E(t) = TrSE
[
(HˆS(t) + HˆSE(t))ρSE(t)
]
− TrSE
[
(HˆS(0) + HˆSE(0))ρSE(0)
]
=
∫ t
0
dτ
d
dτ
(
TrSE
[
(HˆS(τ) + HˆSE(τ))ρSE(τ)
])
,
(12)
which is well-defined independently of the strength of the cou-
pling between system and bath. At the level of the second law,
one finds that the entropy production is given by
Σ(t) = βQ(t)−∆S(t) = D (ρSE(t)||ρS(t)⊗ ρthE) , (13)
where ∆S(t)=S(ρS(0))−S(ρS(t)) is the change in the sys-
tem’s von Neumann entropy S(ρ) = −Tr [ρ ln ρ], and where
D(ρ||σ) = Tr [ρ ln ρ] − Tr [ρ lnσ] is the relative entropy. In
Refs. [43, 44] it has been shown that the irreversible entropy
production can be equivalently calculated as
Σ(t) = I (ρS(t), ρE(t)) +D
(
ρE(t)||ρthE
)
, (14)
where I (ρS(t), ρE(t))≡S(ρS(t)) + S(ρE(t)) − S(ρSE(t))
is the mutual information between the system and the envi-
ronment (see also Refs. [45, 46]). This expression shows that
two terms contribute to the entropy production, one is corre-
lation between S and E built up during the coupled evolu-
tion and the other is the change in the environmental state.
The application of Klein’s inequality [5] immediately leads to
the conclusion that the entropy production is a positive quan-
tity. Its time derivative however, i.e. the entropy production
rate, is not generally constrained to be positive. Transient non-
Markovian dynamics is known to lead to negative entropy pro-
duction rates [47–50] although a strict relationship between
these notions is still lacking [51, 52].
A. Weak coupling limit
Taking one extreme of the singular coupling limit, i.e.,
the oft-considered weak coupling limit, where the interaction
Hamiltonian HˆSE is proportional to a coupling constant that
is much smaller than any energy scale of HˆS and HˆE , we find
that the work, Eq. (9), reduces to
W (t) '
∫ t
0
dτTrSE
[(
dHˆS(τ)
dτ
)
ρSE(τ)
]
=
∫ t
0
dτTrS
[(
dHˆS(τ)
dτ
)
ρS(τ)
]
(15)
and the change in the internal energy is
∆E(t) '
∫ t
0
dτ
d
dτ
(
TrS
[
HˆS(τ)ρS(τ)
])
(16)
From the first law it follows that the heat is given by
Q(t) '
∫ t
0
dτTrS
[
HˆS(τ) d
dτ
(ρS(τ))
]
, (17)
all of which is consistent with the standard definitions put
forward in Ref. [35]. Note that the last expression could be
equivalently derived from Eq. (11) by writing HˆE = Hˆtot −
HˆS −HˆSE , neglecting the last term due to the weak coupling
approximation and using Eq. (10). This implies that, in the
weak-coupling limit, all of the thermodynamic quantities can
be calculated directly from the reduced system only, once the
generator of the dynamics is known. Indeed, the entropy pro-
duction, in this limit, can be written as Σ(t)=
∫ t
0
dτσ(τ), with
the rate σ given by
σ(t) =
d
dt
(∆S(t)− βQ(t))
= −TrS
[
d
dt
ρS(t)
(
ln ρS(t) + βHˆS
)]
. (18)
Using the thermal state of S, ρthS , we can rewrite the above
expression as
σ(t) =
d
dt
D
(
ρS(t)||ρthS
)
. (19)
Notice that ρthS is the stationary state of the dynamics, i.e.
dρthS
dt = 0, when the Born-Markov and secular approximations
are assumed to be valid. As the weak coupling limit results
5in a master equation in GKSL form, Spohn’s inequality [36]
guarantees that σ(t)≥0 ∀t.
We stress that Eqs. (15), (16), (17) and (19) are valid only in
the weak coupling regime. In what follows, we show that de-
spite the dynamics being described by a master equation with
the same general form, these expressions cannot be applied
verbatim to describe the thermodynamics of collision models
considered in this work.
B. Thermodynamics of collision models
Returning to the collision models described by Eq. (2),
we remark that while we do not consider any explicit time
dependence in the system’s Hamiltonian, the full system-
environment interaction is in fact time dependent by virtue of
Eq. (1). We will find that this is the sole source of work that
maintains generic NESS. We assume all environmental units
to be initially prepared in the Gibbs thermal state ρthA. Evalu-
ating Eq. (9) over a single collision gives us an expression for
the energetic cost which can be written in terms of the work
required to switch on and off the interaction Hamiltonian
W (δt) = TrSA
[(
Uˆ†(δt)HˆSAUˆ(δt)− HˆSA
)
ρS(0)⊗ ρthA
]
.
(20)
This term can only vanish when the interaction commutes
with the free Hamiltonian, which occurs only for the energy-
preserving case typically considered in the literature [28].
Analogously, the heat dissipated into an environmental unit
during a single collision is
Q(δt) = TrSA
[(
Uˆ†(δt)HˆAUˆ(δt)− HˆA
)
ρS(0)⊗ ρthA
]
.
(21)
The change in the internal energy after each collision as well
as the entropy production follow immediately, where in par-
ticular Σ(δt)=∆S(δt)−βQ(δt), with ∆S(δt)≡S(ρS(δt))−
S(ρS(0)). Notice that we have made use of the fact that for
the memoryless collision model with fixed δt these quantities
do not depend on the specific collision, n.
It is interesting and instructive to consider how Eqs. (20)
and (21) change in the continuous time limit n→∞ and
δt → 0+ such that t ≡ nδt is finite, which corresponds to
the ultra-strong coupling limit, where the evolution of the re-
duced system is also governed by a master equation in GKSL
form, Eq. (5). In this limit, Eqs. (20) and (21) can be sim-
plified by using Eq. (4), leading to W (t) =
∫ t
0
dτW˙ (τ) and
Q(t)=
∫ t
0
dτQ˙(τ) with
W˙ (t) ≡ lim
δt→0+
W (δt)
δt
= TrSA
[(
HˆSA
(
HˆS + HˆA
)
HˆSA − 1
2
{
Hˆ2SA,
(
HˆS + HˆA
)})
ρS(t)⊗ ρthA
]
, (22)
Q˙(t) ≡ lim
δt→0+
Q(δt)
δt
= TrSA
[(
HˆSAHˆAHˆSA − 1
2
{
Hˆ2SA, HˆA
})
ρS(t)⊗ ρthA
]
. (23)
Finally, when the system has reached the steady-state the
changes in both the internal energy ∆U(t) and the entropy
∆S(t) will vanish, while work and heat will become equal
and opposite. In the cases where the interaction is energy pre-
serving, the steady-state ρ∗ will be the thermal state ρthS , and,
consequently, both heat and work will also vanish. This is
the only situation where thermal equilibrium is reached. For
any other interaction Hamiltonian that does not preserve the
bare energy HˆS + HˆA, a NESS is attained, which supports
finite heat and work currents. Once integrated, these quanti-
ties provide an elegant example of the housekeeping heat and
work [53–55], which are necessary to maintain the steady-
state out of equilibrium. These quantities, if calculated over
an infinite time interval, diverge linearly as a result of the fact
that the currents become constants in the steady-state. In the
following, we will elucidate these results for paradigmatic in-
teractions.
C. Qubit Collision Model: Diagonal steady states in the energy
eigenbasis
Let us now demonstrate the above framework in the exem-
plary setting of a qubit collision model. In what follows, we
recapitulate and expand on some known results in the litera-
ture [28–30, 32]. We will consider the system and all aux-
iliary units to be two-level quantum systems, with their re-
spective free Hamiltonians given by HˆS(A)=ωS(A)2 σˆz , where{σˆx, σˆy, σˆz} are the usual Pauli matrices. We chose the
generic two-body interaction
HˆSA =
∑
lm
Jlmσˆl ⊗ σˆm. (24)
As our focus is on steady state properties we will assume an
arbitrarily chosen ρS(0) (see Sec. IV for discussions on ini-
tial state dependence), nevertheless the qualitative behavior
exhibited holds for any suitable choice of initial state. The en-
vironmental qubits are prepared in the Gibbs state ρA(0)=ρthA
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Figure 1. (a) Ratio of the effective steady state temperature with the environment temperature as a function of the ratio of the coupling
strengths, Jy/Jx. The color gradient from lighter-blue to darker-red denotes the increasing temperature of the environment going from β=9
to β = 1 in steps of 2. (b) The work, (c) heat and (d) entropy currents with their corresponding actual (integrated) values as the insets. In
each panel we fix β = 1 and the ratio between coupling strengths to be Jy/Jx =−1/2 [dotted], 0 [dot-dashed], 1/2 [dashed], and 1 [solid].
We have (arbitrarily) fixed ρS(0) = |Ψ(θ)〉〈Ψ(θ)|, with |Ψ(θ)〉 = cos(15pi/16)|1〉+ sin(15pi/16)|0〉. While the transient behaviors will be
affected for different initial states, the steady state behavior shown remains the same.
with
ρthA =
 12 [1− tanh(βωA2 )] 0
0 12
[
1 + tanh
(
βωA
2
)]
(25)
and ρSE(0) = ρS(0)
⊗
ρthA. In the following numerical re-
sults, the continuous time limit is achieved by taking the col-
lision time δt∼5 ∗ 10−2ωS and n= 103, such that t=nδt=
50ωS . This guarantees that we are well within the steady-state
regime dictated by the master equation.
Let us start by considering the diagonal interaction case, i.e.
HˆSA = Jxσˆx ⊗ σˆx + Jyσˆy ⊗ σˆy, (26)
where the term ∝ σˆz ⊗ σˆz has been neglected as it essentially
amounts to a simple phase factor. When Jx = Jy , and the
system and auxiliary qubits are resonant, i.e. ωS = ωA, the
interaction is energy preserving, and, therefore, we have van-
ishing heat and work currents at the steady-state
W˙ (t) = Q˙(t) = 0. (27)
The resulting stationary state is the equilibrium Gibbs dis-
tribution at the same inverse temperature β of the environ-
ment, meaning that we achieved an ESS. This is the only
interaction for which Eqs. (15), (16), (17) and (19) accu-
rately capture the thermodynamics of the process and consti-
tutes the type of interaction typically considered in the litera-
ture [13, 14, 16, 19, 20, 25, 28].
For any other setting governed by Eq. (26) the system will
reach a NESS, ρ∗, which is diagonal in the energy eigenbasis.
As our system is a qubit, it is possible to express the steady-
state as a Gibbs state at an effective inverse temperature βeff
such that
ρ∗ = ρthS(βeff) =
e−βeffHˆS
TrS
[
e−βeffHˆS
] . (28)
In particular, for a balanced but off-resonance scenario, i.e.
Jx = Jy but ωS 6= ωA, βeff can be found simply through the
relation βeffωS = βωA. Therefore, this situation essentially
amounts to a re-normalization of the effective temperature.
A more interesting situation occurs when the system and
the environmental units are resonant, but Jx 6= Jy . In this
case, the effective temperature has a more involved depen-
dence as a function of the ratio Jy/Jx. In Fig. 1(a) the var-
ious curves correspond to different bath temperatures, with
the gradient from lighter-blue to darker-red corresponding to
increasing temperature. For Jy/Jx = 0 the steady state has
an infinite effective temperature, βeff = 0, meaning that the
stationary state ρ∗ is the maximally mixed state. In the re-
gion 0 < Jy/Jx < 1, βeff increases with the ratio of the
coupling strengths Jy/Jx, eventually reaching thermal equi-
librium only when Jy/Jx = 1. Further increasing the ra-
tio, Jy/Jx > 1, the steady-state temperature increases, and it
asymptotically approaches to infinity as Jy/Jx →∞. Notice
that |βeffβ | ≤ 1 for all the possible values of coupling strengths
Jy/Jx. This indicates that the system is always driven to a
higher effective temperature than the bath. We also see that
cold environments maintain NESS that are further away from
equilibrium, relative to the bath temperature. Interestingly,
when Jx and Jy have different signs, i.e. Jy/Jx< 0, the sys-
tem settles to a NESS with inverted populations, indicated by
a negative βeff. This behavior is present for all initial environ-
ment temperatures and, importantly, does not require the aux-
iliary qubits to be inverted, it is solely controlled by HˆSE . The
crucial difference between these NESS and those that attain a
positive temperature is that the former are active states [56].
Therefore, work can be extracted from them via unitary cyclic
processes [57–60].
Turning our attention to the thermodynamic quantities,
through Eqs. (20) and (21), we show the work, heat, and en-
tropy production in Fig. 1 as insets of their respective currents,
as a function of time t= nδt, for different choices of Jy/Jx
and for resonant system and environment ωS = ωA. When
the system-environment interaction preserves the total energy,
i.e. Jy = Jx (solid curves), the energetic cost of switching
the interaction on and off vanishes as evidenced in Fig. 1(b),
where both the work and its current remain zero throughout.
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Figure 2. (a) l1-norm of coherence as a function of α for various environment temperatures going from β=9 (top-most lighter blue) to β=1
(bottom-most darker-red) in steps of 2. (b) The work, (c) heat and (d) entropy currents with their corresponding integrated quantities shown as
insets with β=1. In each panel, we fix α=0 [solid], pi/8 [dotted], pi/4 [dashed], and 3pi/8 [dot-dashed]. The initial state is as for Fig. 1. In
all panels we have fixed Jx=2Jy =1.
During the transient, panel (c) shows that a finite amount of
heat enters the system, thermalizing it to the environment tem-
perature, and, therefore, bringing the system to the ESS. The
entropy production, panel (d), behaves consistently with these
findings, and, crucially, we observe that both heat and en-
tropy currents vanish in the steady-state regime, as the system
has reached the ESS. This is consistent with the fact that, in
this case, system and environment return to a fully factorized
state [61].
Shifting our focus to the unbalanced interactions, we
find the underlying mechanisms supporting the NESS. From
Fig. 1, it is clear that for such interactions the steady-state
heat, work and entropy production have constant, non-zero
currents. Therefore, all of these quantities keep changing lin-
early with time. The currents that remain in the steady-state
are clear examples of housekeeping heat and work that keep
the system out of equilibrium [53–55]. Since the system-
environment interaction does not preserve the total energy, it
is the work associated to switching the interaction on and off
between consecutive collisions that is the source for support-
ing the NESS. We find that higher effective temperatures for
the system imply larger heat, work and entropy currents, with
the maximum occurring for Jy/Jx = 0 (dot-dashed). Thus,
the magnitude of housekeeping currents increases when the
system is kept further out of equilibrium with respect to the
bath.
IV. COHERENT NON-EQUILIBRIUM STEADY STATES
Next, we examine the possibility to generate steady-states
with coherence in the energy eigenbasis. Our interest is two-
fold: first, the interaction of a quantum system with its envi-
ronment generally results in the loss of its quantum properties;
therefore introducing a way of achieving coherence in an open
system setting is interesting in its own right. Second, from the
thermodynamic point of view, similarly to the NESS at a neg-
ative temperature discussed previously, steady-states with co-
herence are also non-passive and work can be extracted from
them [62]. Therefore, we also examine the ergotropy of the
full range of available steady states and, for the special class
of interactions that generate coherences, show that an initial
state dependence can emerge when the interaction becomes
strongly dephasing.
A. Steady State Features
Owing to the generality of the system-environment inter-
action in the derivation of our master equation, we find that
generating steady-state coherences (SSC) is possible for in-
teraction Hamiltonians of the form
HˆSA = (Jxσˆx ⊗ σˆx + Jyσˆy ⊗ σˆy) + Jzyσˆz ⊗ σˆy. (29)
Notice that this Hamiltonian belongs to the class of interac-
tions put forward in Ref. [63], as it consists of both a parallel
term with respect to HˆS , σˆz ⊗ σˆy , and a perpendicular one,
Jxσˆx ⊗ σˆx + Jyσˆy ⊗ σˆy . We stress that ‘parallel’ and ‘per-
pendicular’ are intended with respect to the Hilbert-Schmidt
scalar product on the space of system operators. As we es-
tablished in the previous section, the perpendicular term will
drive the system to a diagonal state in the energy eigenba-
sis, while the parallel term leads to dephasing. Either term
on their own cannot support SSC; however, when the two are
combined, the competition between them drives the system
generally to a NESS with SSC. It is also worth remarking
that, while the perpendicular term leads any initial state to a
unique steady state, this is no longer strictly true for Eq. (29).
This is due to the well established fact that for pure dephas-
ing, the steady state has a strong dependence on the initial
state. Thus, the introduction of the parallel term in Eq. (29)
introduces an initial state dependence. However, this effect
is small for Jzy <
√
J2x + J
2
y , i.e. when the perpendicular
term is the dominant interaction. In order to quantify the
amount of coherences, we will employ the l1− norm of co-
herence C =∑l 6=m |ρ∗lm|, first introduced in [64], which can
be shown to satisfy all the properties to be considered as a
valid coherence measure [65]. Fig. 2(a) shows its dependence
on α=arctan
(
Jyz√
J2x+J
2
y
)
, for different environment temper-
atures. When either of the two couplings goes to zero, the SSC
vanish, cf. Fig. 2(a). Furthermore, in agreement with the re-
sults obtained in [63, 66], the maximum amount of SSC is ob-
8tained when α=pi/4 and for zero temperature environments.
The amount of SSC monotonically decreases with increasing
bath temperature.
Turning to Fig. 2(b)-(d), we see that for the chosen inter-
action term, Eq. (29), the NESS is supported by non-zero
equal and opposite heat and work currents for any value of
α. Furthermore, the asymptotic value of the heat current and
of the entropy production rate σ are increased by the pres-
ence of SSC with respect to the reference value (solid line)
for α = 0. This increment represents the precise energetic
cost that is paid in order to generate and maintain the SSC. It
is furthermore worth noticing that the switching on of the ad-
ditional parallel term ∝ σˆz ⊗ σˆy induces transient oscillations
in the thermodynamic currents, which is reflected in a more
marked difference in the integrated quantities, cf. the insets.
Finally, a special case is obtained when Jy = 0 in Eq. (29).
In this regime, the steady-state values for all the above cur-
rents of heat, work and entropy production are not affected
by the building up of SSC. Although the transient behavior
still shows oscillations, the asymptotic value for the currents
is purely determined in this case by Jxσˆx ⊗ σˆx, i.e. the dot-
dashed curves in Fig. 1.
To summarize, from this analysis we find that for the spe-
cial class of interaction Hamiltonians outlined in Ref. [63]
a system can be driven to a NESS with SSCs. The magni-
tude of these coherences is dependent on a delicate interplay
between the parallel and perpendicular components of the
system-ancilla interaction Hamiltonian. The maximal amount
of coherence is achievable when the weights of both such
terms are equal to each other. The thermodynamic conse-
quences of the generation and maintenance of SSC in colli-
sion models is then reflected in the currents of housekeeping
heat, work and entropy production.
B. Ergotropy
The previous sections have shown that the nature of the sys-
tem environment interaction term generally leads to various
classes of NESS which are supported by non-zero work and
heat currents. Moreover, we have quantified the thermody-
namic cost of driving the system to a target NESS by com-
puting the associated heat, work and entropy production. As
discussed above, such quantities represent the housekeeping
costs, i.e. the amount of energy one needs to invest to create
and maintain non-equilibrium configurations. On a similar but
complementary note, one can now ask how much work can be
extracted from these states in a scenario when the repeated in-
teraction scheme is stopped once the system has reached the
steady-state regime and the NESS is a non-passive state.
The key figure of merit which quantifies the maximum
amount of work that can be gained from a quantum system by
means of cyclic unitary transformations is known as ergotropy
[67]. Given a generic Hamiltonian HS =
∑
k k |k〉 〈k|, and
a non-passive state ρS =
∑
j rj |rj〉 〈rj |, this quantity is given
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Figure 3. (a) Ergotropy of the steady-state as a function of interac-
tion strengths. The x-axis accounts for the introduction of the coher-
ence generating term Jzy while the y-axis corresponds to varying the
strength of the Jy term. The initial state is fixed to be |0〉. γ=−pi/4
and α = 0 corresponds to the state with highest inverted popula-
tions. The region to the right of the vertical dashed line is when the
coupling is dominated by the Jzy term and the ergotropy becomes
strongly dependent on the choice of initial state. (b) We fix γ = 0
and show the extremal values of the ergotropy for several values of
β= 1 [bottommost] to 9 [topmost] in steps of 2. The solid (dashed)
curves correspond to ρS(0) = |0〉〈0| (ρS(0)= |1〉〈1|). Note that we
truncate the range of α for visibility.
by
E =
∑
jk
rjk
(|〈rj |k〉 |2 − δjk) . (30)
To examine the full range of achievable states, we parameter-
ize the Hamiltonian, Eq. (29) to be
HˆSA = cos(α)(cos(γ)σˆx ⊗ σˆx + sin(γ)σˆy ⊗ σˆy) + sin(α)σˆz ⊗ σˆy,
with α=arctan
 Jyz√
J2x + J
2
y
 and γ = arctan (Jy/Jx)
(31)
As discussed in the previous section, varying α and γ allows
to reach NESS with population inversion and/or with SSC.
Fig. 3(a) shows the full behavior of ergotropy as a function
of α and γ for fixed inverse temperature β = 1. We clearly
see that the largest ergotropy corresponds to population in-
verted steady-states. Indeed for α<pi/4, as the magnitude of
the achievable SSC is small, we find they do not noticeably
contribute to the ergotropy. For α>pi/4, we find that the er-
gotropy becomes significantly dependent on the initial state of
the system. This is due to the fact that in this regime, HSA is
dominated by the parallel term; therefore, the open dynamics
of the system is closer to that of pure dephasing. In Fig. 3(b),
we fix γ=0 and show the extremal values of E for the system
initialized in |0〉 (solid curves) and |1〉 (dashed curves). We
clearly see that for α<pi/4 the extractable work is largely in-
dependent of the initial state. This is due to the fact that, in this
regime, the steady state is principally dictated by the perpen-
dicular term, which tends to drive all initial states to the same
steady state. For our chosen parameter values, this means that
the populations are almost equal and, consequently, the ex-
tractable work in this regime is completely due to the presence
9of the SSC. However, when α>pi/4, since the populations are
less affected by the dynamics, initial states with large popula-
tions in their excited states tend to persist and, therefore, we
can see a strong dependence of ergotropy on the initial state
in this regime. It is finally worth pointing out that if one starts
from a generic passive initial state, the energetic cost of cre-
ating and maintaining a given NESS is always (and, typically,
much) higher than the amount of extractable work as quanti-
fied by the ergotropy, in accordance with the second law.
V. CONCLUSIONS
We have examined in detail the thermodynamics of memo-
ryless quantum collision models through a master equation
description derived in the ultra-strong coupling regime and
for any system-environment interaction. By carefully com-
puting the associated energy exchanges at play, we showed
that, despite the dynamics being fully described by a master
equation in GKSL form, the corresponding thermodynamics
cannot be described by properties of the system alone, in con-
trast to the weak-coupling limit. The root of this discrepancy
lies in the fact that the secular approximation is not taken and,
as such, the equations of motion for populations and coher-
ences do not decouple, with the notable exception of energy-
preserving interactions, which is the only instance where the
system reaches thermal equilibrium with the bath.
We have demonstrated our results for an all-qubit version
of our collision model, explicitly showing that both equilib-
rium and non-equilibrium steady-states (NESS) are admitted
by the dynamics. We have shown the rich variety of NESS that
emerge, broadly falling into two distinct categories: those that
are diagonal in the energy eigenbasis and those that exhibit
steady-state coherences (SSC). Among the NESS achievable,
those with negative effective temperatures and those with SSC
particularly stand out. The former implies that it is possible
to achieve a population inversion, while the latter is one of
the few examples of coherence generation through an interac-
tion with an environment. These states are examples of non-
passive states and therefore one can extract a non-zero amount
of work from them. We established that all NESS are sup-
ported by non-zero work, heat, and entropy currents. These
quantities account for the cost of maintaining steady states
out-of-equilibrium with the environment, and, therefore, pro-
vide an elegant demonstration of the housekeeping work and
heat. Our work therefore contributes to the ongoing effort to
understand the thermodynamics of strongly coupled quantum
systems [68–70].
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